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STASL%PARTICLE MuHON IN A LINSAR ACCELSNATOR WITN
SOL~

E. Alan Wadlinger
Loo Almzos Scientific Laboratory

Los Alamoe, NU 87545

Abstract
*

We derived the equation governing stable particle
motion in a linear ion accelerator containing discrete
rf and either discrete or continuous solenoid focusing.
We found for discrete solenoid focusing that

(
2

)
coa~.(l+dA)coaO/2 + $-$-~ ainO/2

A=l/fand%+2d=BA,

where U, 0, f, !?, and d ●re the phaae advance par
cell, precession angle in the solenoid, focal length
of the rf lens, length of tlw solenoid in one cell,
and the drift distance between the center of the rf
gap and the effective edge of the aolennid. The rela-
tion for a conticuoua solenoid ia kound by aettkg d
equa 1 to zero. The botrtdariea of the att~bility region
fqr 9 w A with fixed 8 and d are obtained when
Cos u = +1.

*Work performed under the auapicea of CM U S,

Introduction

The at tbility relaticma are derived for a linear
ion accelerator with aolenoidal focusing for the dis-
c:ete case with aolenoida in the drift tubes and for
the continuous caae with the accelerator centained in
one continuous solenoid. We begin by giving the
first-order tranaport matrix for the solenoid.l
Next we calculate the tranaport matrix for one cell
and derive the stability relation for the Siacrete
solenoid. Finally, we exaine the caae of the contin-
uous solenoid and- ;bow that it is a special caae of
discrete focusing. The stability curves for both the
continuous and discrete aolenoida are shown in Figs.
1 and 2, respectively.

First-Order Solenoid Tranaport Natrixl

We firot consider the interior region of the sole-
noid where the magnetic field ie aaauzed constant and
directed along the solenoid axis (z axia). A particle
with nonzero transverse velocity ~ will spiral in

Depar~ent of Energy.

a=

Precession Angle 6

Frecwsion Angle 6

Precession Angle6

Fig. 1, Stability r!lagram SOr tk contiru,ous sole-
noid. Nonehaded areas are stable regions , Delta
(AN) is ~~ divided by the focal length of the rf
lens and t) is the precession angle in tile solenoicl.

Precession Angle 8

Fig, 2. Stabilitv diagram for the discrete solt.noid.
Nonsh~decl areas are stable repinna, Delta (AN) is
8A divided hv the focal length of the rf lens and 3 in
the precession ongle in thp solenoid of length 1/2 5A.
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‘ the magnetic field and will project a circle in the xy
plane. Let

vi -
Vz “
i=

and
e=

.

where e and m

B. = magnetic field strength directed along z,
transverse velocity of the particle,
Iongict*. inal velocity, -
length of the solenoid,

the preceaairjn angle
eBol/ (mvz ). (.x)

are the elactric charn and mass of the
particle The transport matrix for-the interior of
the solenoid ~ is

r 1 (Lsin O)/8 o l?(l - Cos e)/e 1

0 Cos e o

0 9.(coae - l)te 1

10 -sin e o

where ~ operates on tha vector y

and
[1

x

x’
~-

Y

Y’

sin e I(2)
(P. sin e)/8

coo e

is a .taLion matrix and

[1

c ski o 0

-sa c o 0
~-

0 0 c Sla

0 0 -S a c

is block diagonal. Thus we decouple x and y and write
for x,

Transport with Discrete Solenoid

One cell in a linac consists of one-half of an rf
defocusing Iena followed by a drift, a solenoid, a
drift, and one-half of the rf defocusing lena. The
transport matrix 14c for the cell is

—

?lc=fDMDf , (6)
— -----

where f is the rf lene, D ia a drift, and B! is the
aoleno~d in the rotated ~rama

[1

1 0
~-

A/2 1
(7)

x’ = dxfdz

Y’ = dy/dz .

The frin@ firld transform ~ is

1 0 0 0

0 1 e/2k o

00 1 0
(3)

The total transport matrix M% for the solenoid is
—

r C2 SCla Sc 1Szfcx

-s ca C2 -Sza SC
MS = F(-8)SF(9) = (4)
—- _ -Sc -S2/a C2 SCICX

1 s2a -Sc -Sea C2 J

with S - sin (Ei/2), C = cos (8/2), and o = 0/29.,

The matrix Mq may be written as

where

R-

C 0

0 c

-s 0

0 -s

M8-MR,
——

so

0 s

c 0

0 c

(8)

11
c s la

~- (9)
-Sa C

and

P+dA)c+f@-@~’)s2cd+as’’-d”2L2L1

3“lcA(+9)*’(H*-&(+@’)(’+’A)C+(H’
(lo)

(A = I/focal length of the rf lens). Becauae one
period consists of an integral nwaber of calla, n, one
haa a relation between 6, A, 1, d and cos II, wherez

cos P = 1/2 Tr (Mc)

“(’+d’)cO”e’2+(+$-f-*)8ine’2‘lla)
Contin~oua Solenoid

The main calculational difference between the con-
tinuous case and the discrete solenoid case is that a
rntatiol matrix does not exist, which when applied to
S, Eq, (2), decouples x from y in a fixed reference
‘?rame. We could approach this problem in the Larmor
frame using canonical veriablee to obtain ● decoupling
in x snd v for the solenoid but we woulrl then have
Coriolis forces in tha grip. Nc sidea:ep this probleu
by making the following observation, The continuous
solenoid case consists of the following transport
stream.
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Sfsfsf----- -

While the discrete caae is

SF DfDFSFDf----- -----

See Eqa. (2), (3), (7), and

DF S...---

(s). The difference be-
tween thr two is that f in the continuous ceee is F D
f D F in the discrete ~ase. We, therefore, study F D
f D F end take th limit d + O to obtain -

LimFDfDF----.-
d +0

1 000

A/2 1 0 0

0 0 10
-f.

Thus, the stability relation Eq. (he) for the dis-
crete came may be used for the continuous case by
setting d = O.

Results

The stability diegrams for continwue ●nd discrete
solenoidu are given in Figs. 1 ●nd 2. Delta (AN)
is L3Adivided by the focal length of the rf lens and
positive delta corresponds to defocusing rf. The pre-
cession angle 9 i6 proportional to the solenoid’s meg-
netic field strength, length, and the perticle’a maaa,
charge, and velocity Eq. (1) .

The nonstable region is shaded. For tlw discrete
case, both the solenoid length 9. and drift distance 2d
were e ual to 1/2 61, following Smith and Cluck-
stern. f Note that 1 cell = 1 period.

Each region is bouoded by a line that is indepen-
dent of the rf defocusing strength A. The reason for
this may be seen by factoring the equation for cos u
(Eq. ha) into two pieceo, one of which is independent
and one is linearly proportional to A

coa U= (C- ds 0/2L) + (Cd + Sk/0- d2S(3/41)A . (llb)

A region boundary (coo p = 21) ia independent of A if

Cd + Sfi/e- d2Se/~~ . 0 , (12)

and

c- dSW2!L - COO I.Im ~ 1 , (13)

The conaiatency of these two equationa is shown by
colving for e in Eq. (13) end aubctituting the result
inEq. (12). This reaulta in the identity

C2 + s2 = coa2 e12 + ain2 912 = 1.
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